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Abstract—Spherical coordinates are r, 6, ¢. The half-space extends in # < /2. The crack occurs along
¢ =0. In a previous paper in this journal symmetrical states of stress were considered in terms of the
Cartesian stress components

O = Pl 6, 8), 04y = Pf,(A, 8, §), etC.

which leave the half-space surface and the crack surfaces traction-free. Only a discrete spectrum of
eigenvalues A is possible and the most important A-value is that closest to the limiting value Re A > ~3/2.
The method followed was based on a separation of variables technique.

In present paper the results already obtained are confirmed by quite another method based on the use of
finite differences. Some more information about the eigenfunctions i.c. the stresses is given. Now also the
corresponding results for the antimetrical states of stress are evaluated.

. . . 1. INTRODUCTION
The quarter-infinite crack in a half-space is shown in Fig. 1. Cartesian coordinates are x, y, z,
spherical coordinates r, 4, ¢
x=rsinfcos ¢
y=rsindsing B}
z=rcosé.

The half-space extends in z >0. The crack occurs in the quarter-plane y =0, x >0, z >0. The
region to be investigated is a conical region (with vertex at r = 0) between the three planes

Fig. 1. The half-space z >0 with the quarter-infinite crack y =0, x>0, 2 >0, Cartesian coordinates x, y, 2.
Spherical coordinates 7, 6, ¢.
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6=ml2, =40 and ¢ =27 ~0, which planes are to be taken traction-free. In this conical
region a state of stress is considered in terms of the Cartesian stress-components

Tee = P'fix(A, 6, @), 03y = P'f1(A, 6, &), etc. (1.2)

There is only a discrete spectrum of possible eigenvalues A. The value A which gives the most
serious state of stress in the vertex region (r—0) is the value closest to the limiting value Re
A> =302,

In [1,2] the author calculated A values and corresponding states of stress (eigenfunctions)
by a separation of variables technique, but only symmetrical states of stress were considered.
The need was felt to confirm these results independently by quite another method. In some
private correspondences and concept-papers kindly sent to the author the results of [1,2] were
questioned. Another reason was the fact that the separation of variables technique is not
suitable for future applications to oblique cracks in the half-space. Therefore a finite difference
method was applied. Of course in the first place the symmetrical states of stress of the
quarter-infinite crack (orthogonal to the half-space surface) were reanalysed. The agreement
was quite fair.

The corresponding results for the antimetrical states of stress, now given by the finite
difference method, are believed to be still somewhat more accurate for a reason to be
explained.

2. EXISTENCE OF THE EIGENFUNCTIONS
It has been known since a long time that two-dimensional wedges in plain strain with
homogeneous boundary conditions have an infinite enumerable number of eigenvalues A and
eigenfunctions

o = 'f(A, @), etc.

where r, ¢ are polar coordinates. The eigenvalues A occur in the complex A-plane on or in pairs
at both sides close to the real axis. The mean density of these eigenvalues is constant all along
that real axis.

In [3] it has been proved that this is also true for the eigenvalues A and eigenfunctions (1.2)
for conical regions. The mean density of the A-values is however not constant but proportional
to [ReA] as is explained in' {1). Compare also the discussion in [4], pp. 753-762 on the
eigenfrequencies and modes of vibration of a membrane.

A conical region will always be only a part of a finite configuration. In order that the strain
energy be finite in the neighbourhood of the vertex, only eigenfunctions with

Re A >-3/2t (2.1

can occur there and thus we are not interested in eigenvalues and their eigenfunctions with
Re A <—3/2.1 The eigenvalue with real part greater than — 3/2, but closest to this value, will be
called the gravest eigenvalue and its eigenfunction of displacements and stresses the gravest
eigenfunction.

The present region under investigation has of course a very simple geometrical structure and
one could ask if it is not possible to give the eigenfunctions a closed form. Symmetrical
eigenfunctions are for all Poisson’s ratio’s »

(A = —1) Two rigid body translations.

A =0 A rigid body rotation
and

O = constant,

+This means one should tolerate, if necessary, within the framework of linear elasticity theory, displacements u ~ r,
Re y> - 112, that become infinite at the vertex. But until now, no conical configurations with such a strong singularity
(0>Re y> - 1/2) are known.

$In [3]) it has been proved that if A is an eigenvalue, also — A — 3 is an eigenvalue. (Note in [3] the symbol A has another
meaning.)
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A=lo,=12
O =X, Oy = — Y.

Ou =X, 0 =—2

A =2 05 = =21+ V)x2, 04y = 20¥2, 0, = 2%
O = —(1+ 1)x2+ 2+ v)y?, 05y = 2+ V), }

eyl g = =
Oy =~y Oy = VXZ,0;, = — VY2

and at all further A =3,4,5..... there are other triple or double polynomial solutions.
Antimetrical eigenfunctions are

(A =-1) A rigid body translation.
(A = 0) Two rigid body rotations.

A=1ou =y
A=2 0y, =-21+0)xy,00 =y, 0 =20y2
and atall A =1/2,3/2,5/2,..... there are (single) eigenfunctions

0 =r{—(4+4v+1A)cos Ad + A cos (A —2)¢@} (sin 6)*

Ty = {2+ 20+ A) sin A¢ — A sin (A —2)¢} (sin 6)*

a,, = r*{A cos A ~ A cos (A ~ 2)¢} (sin 6)* 2.2)
Oy = 2r*vA cos (A — )¢ cos 6 (sin 8)* '

a., = —2r'vA sin (A - 1)¢ cos @ (sin 6)* '

o, =0,

Also integral values A =0,1,2,3,..... are allowed in (2.2) but then symmetrical eigenfunctions
arise which are included among those already mentioned. In spite of fulfilment of requirement
(2.1) the values A = —1/2 (if »#0) and A =~ 1 are forbidden in (2.2) because the strain energy
should become non-integrable along the entire crack-front (6 = 0).

It is obvious that the aforementioned eigenfunctions are not all eigenfunctions (with Re
A > —3/2). The mean density of their eigenvalues along the real A-axis would be only constant
and not proportional to [Re A| and the density of the symmetrical ones would be greater than
the density of the antimetrical ones. The other eigenfunctions cannot be given expressions in
closed form and they must be determined numerically. To those belong the gravest ones in
which we are primarily interested. The mere increasing density of the eigenvalues is however
prohibitive for the determination of many of them and their eigenfunctions in any numerical
way.

3. CHOICE OF THE NUMERICAL METHOD
In search for the eigenvalues A and their eigenfunctions the equations of elasticity theory
need only to be applied to the demispherical surface r = 1, because along a certain radius all
stresses are proportional to r*, all displacements to r**'. On the surface r =1 the range of the
two remaining coordinates is

0<0=72,0<¢<2m. 3.1)

Determination of an eigenvalue resembles the determination of an eigenfrequency of a
two-dimensional structure, e.g. a demi-spherical shell (A playing the rdle of a frequency).
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In [1,2] a separation of variables (6, ¢) was applied. This means that the differential
equations in question are exactly satisfied within the range (3.1), but conditions on boundaries
of the range (3.1) only approximately. Application of a finite element method or a finite
difference method means that the equations in question are everywhere only satisfied ap-
proximately. Moreover the number of unknowns to be solved simultaneously will be about the
square of the number of unknowns from a separation of variables technique.

BaZant and Estenssoro[5, 6], have developed for conical regions a finite element method and
applied it to a crack in a half-space. Where the present range of the coordinates is so very
simple the method of finite differences is of course readily available. Only the governing
differential equations need to be transformed into finite difference equations. It is true that the
boundary equations are more complicated than at the finite element method and tend to
broaden the band-width of the matrix of the coefficient of the unknowns. On the other hand
these more complicated equations strengthen considerably the convergence of the numerical
procedure.

4, DIFFERENTIAL EQUATIONS
The differential equations of elasticity theory will be expressed for Cartesian displace-
ment—and stress-components as functions of curvilinear coordinates. By that means the
displacement-components have only a scalar character, their derivatives only a vector charac-
ter. The curvilinear coordinates are the spherical coordinates of (1.1) with however the polar
angle @ replaced by ¢
=72

0<¢=V(nl2). @D

On the sphere r =1, starting from @ =0, along a coordinate-line ¢ = constant, displacements
show a series development

u= Co‘*‘C;em*'€23+C393’2+€492+ 6585’2+ ..... .

By introduction of the new coordinate ¢ of (4.1) the displacements become a regular function of
that coordinate. The coordinate transformation formulas thus become

x=rsin{’cos ¢
y=rsin{’sin¢ 4.2

z=rcos

and the transformation-matrices of the partial differential quotients aret

-‘;—f %ﬁ} -;% sin{?cosd 2rfcos{®cos¢d —rsin{’sing
Ti= % %% % =|| sin?sing 2r{ cos ¢*sin ¢ rsin *cos ¢ 4.3
% g% :;% cos ? —=2r sin £* 0
%:— g—;— % sin ¢ cos ¢ sin £%sin ¢ cos
= % g—ﬁ- g}{ = 2—1;;cos 2cos ¢ i—:?cos{’simb —%r{sin 2ol @49
3_3 % % ‘%::;; %gs%ws% 0

tLatin indices refer to x, y, 2. Greek indices to 7, {, ¢.
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The metric tensors of the r, {, ¢ system are
o = 8T,/ T4 4.5)
g8 = &itr1p 4.6)
and the Christoffel symbols (the not mentioned are zero)
Th=-4r%, T = —r(sin {%?,

1 |
=T} = 7 Th= —-22 sin £*cos 2%,
4.7

Th=T3=1Th=Th=2cot s,

The Cartesian stress components are oj, the Cartesian displacement components are ;. All
differentiations are partial with respect to the curvilinear coordinates r, {, ¢ and indicated by a
comma.

The relation between stresses and displacement-derivatives becomes (the stress-strain
relations, G is shear modulus, v Poisson’s ratio, »# 1/2)

v
1-2»

of = a( 5/6*m + 8% + 8""6,“)t,,."uk_... 4.8

The Navier-Cauchy equations are (n =1, 2, 3; v# 1/2)
{(1 - 2ll)g "’8,,” + g"&,,"}T,i(u,-_ aB u.-_.,I'Z,) =0. (4.9)
Due to the mixed Cartesian-curvilinear approach the transformation matrices (4.3) and (4.4)

still occur in (4.8) and (4.9), but this has the great advantage that no multiplications and
differentiations of Christoffel symbols are needed.

5. FINITE DIFFERENCE EQUATIONS
The “rectangular” ¢{, ¢ range

0<{=V(nl2);0<¢ <27 6.1

is divided in M X N equal meshes A, A¢. The mesh lines in ¢ direction are numbered a =0, 1,
2... M, the mesh lines in { direction 8 =0, 1,2 ... N. As unknowns of the problem next to the
eigenvalue A are chosen the three Cartesian displacement components ; in the nodal points

a=12,.. M-1,8=0,1...N
(5.2)
and a=MpB=12...N-1.

The boundary conditions expressing that the appropriate three stresses (tractions) o, from (4.8)
are zero are applied to the nodal points

a=1,2,...M-1,8=0and N
a=M,B=12...N-1 (5.3)

and the Navier-Cauchy eqns (4.9) to the remaining nodal points of (5.2).



124 J. P. BENTHEM

Because along a certain radius all i behave like r**' all differentiations in r-direction are
still performed analytically. In { - and ¢-direction 5-points differention rules were applied. If
Yo. Y1 ... Ys are values of a function y = f(x) at § stations x = x,, x, ... x, at equal distances A,
these rules are

1
dx = 725 (7 550+ 48y, =36y, + 16y; - 3y,) + O(h'y*)

d 1
xX= Xn,a§= m(“b’o‘ 10y, + 18y, ~ 6y + yo) + O(h*y*)

d 1
X =Xy, d—i— = ﬁ_h'(yo—s)’l +8y;— y)) +0(h'y")

2

d I
x= xo,d—x’;= T2 35%0= 104y, + 114y, — 56y + 11y + 0(h%y*)

¢ 1
x = x1, 3= T2 (1130= 201+ 6y,+ 4ys = y) + O0G°y*)

d? ] .
X=X, Ex—); = W(_ Yo+ 16y, =30y, + 16y; — y4) + 0(h*y").

The error of these rules is only proportional to h* or h*. The use of more points broadens the
bandwidth of the matrix of the coefficients of the unknowns. Less points ask more meshes and
thus more unknowns. After numerical experiments it was decided to use the aforementioned
S-point rules and the majority of the computations were performed with M =10, N = 30.

The number of the equations is 3(MN + M —2). They have all zero right hand sides. By a
rather easy trial and error procedure a value of A is sought that makes the governing
determinant zero. As is explained in [1, 2], the search had to be carried out only for real values
of A. Next to the combination M X N = 10 % 30 in some cases also combinations 8 x 24, 12 x 36,
14 x 42, 16 X 48 were tried. The convergence showed that generally the gravest exponent A had
already an accuracy in 3 or 4 digits at the use of M X N = 10 x 30. The displacements may have
an error of 1%, the stresses of some 3% of the maximum values. In [5, 6], where a finite element
method was applied, the convergence of the A-values was much less but final A-values could be
produced by an extrapolation procedure to M, N -, (In [5, 6] displacements were not given
and stresses not computed).

6. SPECIALIZATION FOR THE INCOMPRESSIBLE
MEDIUM

For v values that tend to 1/2, the eqns (4.8) and (4.9) need to be transformed such that they
also endure the value » = 1/2. To this purpose a further unknown

1.
p=30/ 6.1

is introduced in all nodal points. The replacement for (4.8) is

i v

ai:l-#-u

P8/ + G(8*8/ + 8" 8/ M Uik 6.2
and the three (n = 1, 2, 3) eqns (4.9) are replaced by the four ones

a i o 3
g ﬂTn (ui.aﬁ - ul'.ornﬂ) +m P = 0 (63)
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-2
TG p=0. (6.4)

8”“i,atia
The eqn (6.2) was applied to the nodal points (5.3) such that three tractions are zero, the eqns
(6.3) to the remaining nodal points and the eqn (6.4) to all nodal points (5.2). To avoid singular
behaviour of the unknowns p at =0 (it is of order {~' = 6~'%) they are replaced by p¢. The
special computer programme based on (6.2) . . . (6.4) may be used for all »> ~ 1, but since the
number of unknowns is a factor 4/3 larger, this is inefficient. But apart for » = 1/2 it was also
used at some other » values for checking purposes. It proved to be somewhat less accurate than
the regular computer programme (at the same M X N).

7. THE EIGENVALUES

In the computations of course use was made of the symmetry or antimetry conditions of the
plane ¢ = m, i.e. conditions for the nodal points on the mesh line B = N/2 and the range of
coordinates could be reduced to 0<{<V(nf2),0<d=m

In Table 1 the results for the eigenvalues A are given for symmetrical states of stress and
compared with previous results of the author [1, 2] based on a separation of variables technique
and with those of BaZant and Estenssoro [5,6] based on a (less-convergent) finite-element
technique. There are only minor differences in the main results (gravest eigenvalues, 0 <y <
1/2), but the previous results of the author [1, 2] are believed to be the most accurate. Present
result for v = 1/2 seems to show a relative large difference, due to the less accurate (and more
time-consuming) special computer programme. Figure 2 shows a diagram where the A value is
plotted versus Poisson’s ratio v (solid line).

Table 2 and Fig. 2 (broken line) give the same results for the antimetrical states of stress.
Though they differ somewhat more from those of BaZant and Estenssoro, ours are nevertheless
believed to be even somewhat more accurate than ours for the symmetrical states of stress.
Along one boundary of the range under consideration (the line of symmetry ¢ = 7), two
displacement-components and one stress-component are prescribed, while at symmetrical case
only one displacement-component and two stress-components are prescribed. From numerical
experiments it had already appeared that replacing prescribed stress-components by prescribed
displacement-components strongly promotes the convergence. Now also the value for v =1/2
shows fair convergence.

Next to the eigenvalues shown by curves in Fig. 2 there are those discussed in Section 2 and
which will manifest themselves as horizontal lines. Only after the numerical results revealed
such a horizontal line at A = 1/2, the formulas (2.2) were discovered.

Table 1. Eigenvalues A for symmetrical states of stress (o ~ r*)

Poisson’s Obtained with M x N Benthem Baantt Exact
ratio 10x 30 14x 42 16 x 48 Refs.[1,2] Refs. [$, 6} values
~1 -0.146 -0.155
-0.965 -0.223 -0.241
-0.75 -0.4404 -04516
-0.5 -0.4998 -0.5007 ~0.50084 -0.50089
0 -0.49997 -0.5 -0.5
0.15 -0.4835 -0.4836 -0.484
03 -0.4519 -0.4519 -0.4523 -0.452
0.4 -04141 ~0.4129 -0.4132 -0413
0.5 -0.3452 -0.3381 -0.3367 -0.3318
0.5 0 0
0.3 0.217 0.218
0 0.430 0.410
0 0.5 0.5
0.3 0.664 0.681
0.5 1 1

tBaiant and Estenssoro do not actually give values, but state that their extrapolation to an infinite
number of meshes gives values within 0.4% from those of previous column (0 < » <0.4).
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3
—% - co
N 0,=r1,116.0) °

r,8.¢ spherical coordinctes

1 D
Fig. 2. Three-dimensional stress singularities of the quarter-infinite crack in the half-space. Solid line,

A-values belonging to symmetrical states of stress (Table 1). Broken line, A-values belonging to antimetrical
states of stress (Table 2). A, B, C, D, exact points.

Table 2. Eigenvalues A for antimetrical states of stress (o ~ r*)

Poisson’s Obtained with M x N Ba}antt Exact
ratio 10x 30 14 x 42 Ref. [6] values
0 -0.4997 -0.4999 =0.5
0.18 -0.5668 ~0.5668 -0.565
0.3 -0.6076 -0.6073 -0.598
04 -0.6291 -0.6286 -0.604
0.5 -~ 0.6462 -0.6462
0 =027
0.15 -0.157
0.3 -0.057
04 -0.030
0.5 0
0.3 0.492 0.5
0 0.492 0.5
-1 0.482 0.5

tIn [6] erroneously is stated that these eigenvalues are double.

8. THE STRESS INTENSITY FACTORS

A solution for the unknown displacements at radius 1 is of course, like at all eigenvalue
problems, determined but for a certain normalization. As such, but only preliminary, a
displacement somewhere is chosen to have a fixed value. A 4-points extrapolation-differentation
rule then may give values for du/al at { =0, i.e. a derivative for the displacements at the
crackfront at radius 1 in meridional direction. An extrapolation formula is necessary because
the point { = 6"2=0 is not incorporated in the nodal points used. The differential quotients
duja. show a dependency on the meridional angle ¢. This dependency should agree with that
of the well-known leading displacement-singularity of plane strain around a crackfront which
locally is also present along our crack front. At z=1 (i.e. at the spherical radius 1 and 6 >0)
this singularity, if it is symmetrical, has the shape (see, e.g. [8] p. 560)

u,=C - sm¢ (1—2»+cos’%){

G\/2
u, =-Gkﬁcos% (2—_2v—sin’%){ 8.1

U, = C;, {= 0”2.

In (8.1) C, and C; are constants (they are independent of { and ¢) and k, is a stress intensity
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factor, Of the stresses from (8.1) we give here only along ¢ = 7 (and stillat r=1, 6-0)

ki -
oy =50 (82)

indeed according to the definition of k; of most authors (e.g. [7, 8]1).

With the aid of a least-square procedure the computed ¢-dependencies of the differential
quotients dufa¢ of a symmetrical eigenfunction are now compared with those of the theoretical
ones following from (8.1). The differences were generally less than 1%. These small differences
now offer also the opportunity to calculate a reliable value for the stress intensity factor k; (at
z=1).

The antimetrical singularity at the crackfront (at radius 1 and 8 - 0) must have the shape (Ref.
(81, p. 561)

u"="G\/2 s%(Z 2v+sm’¢){

- -é-f/—i sin % (I - 2v—cos? %){ 83

k2 (cos 93){, I=0",

In (8.3) C; is a constant (it is independent of { and @) and k, and k; are stress intensity factors.
Two stresses along ¢ =7 (and r=1, 8 -0) from (8.3) are

u),=Cz

ky _
Uy‘=~7220 12

(8.4)
- _IE_ 'S h'!

V2

indeed according to the definition of k; and k; of most authors (Refs. [7,8]). The ¢-
dependencies of the computed differential quotients au/a¢ of the antimetrical eigenfunctions
very well agreed with the theoretical ones of (8.3). Subsequently the stress intensity factors &,
and k; were determined.

It was explained in [2] that if the eigenvalue (the spherical exponent for the stresses) is A,
the stress intensity factors behave along the z-axis like

ZA+IIZ.

Thus for Poisson’s ratio 0.3 the stress intensity factor k,; tends to zero accordingly z°*®, the
stress intensity factors k; and k; tend to infinity accordingly z7*!%, Remember, however, that
the stress intensity factors are pure two-dimensional concepts which loose their meaning in a
region which is essentially three-dimensional.

The displacements C,, C;, C; which are the leading terms in (8.1), (8.3) are also computed by
extrapolation from mesh lines a =1, 2, 3, 4 for all ¢ and indeed their values were practical
independent of ¢. They are no true rigid body displacements, but along the z-axis they are
u, = Cy2**!, etc. Nevertheless they do not influence the leading terms for the stresses like those
in (8-2)! (8-4).

9. THE EIGENFUNCTIONS
The Figs. 3-5 show the symmetrical state of stress belonging to the gravest eigenvalue A
{—0.4519) for Poisson's ratio » = 0.3. A renormalization was applied such that at the z-axis (at

tOther authors have v/(2#) in the denominator of (8.2) instead of \/2.
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Fig. 3. Stresses of gravest symmetrical eigenfunction at 7 = 1. Poisson's ratio v =0.3. ¢ ~ r*, A = ~0.4519,
At z =1k, = 1. Parallel with polar angle 6 = 32.4°.

075
0501

0.25

075

050

Fig. 5. Idem, 6 = 90°.

z = 1) the stress intensity factor

In the three figures are given the Cartesian stress components at r =1 for the parallels with
polar angles 32.4, 57.6 and 90° respectively. In order to have these graphs as similar as possible,
the stresses were multiplied by V/(sin 8) before plotting versus the meridional angle ¢. The
same plots for Poisson’s ratio v = 0 would be for all 8 identical. In Fig. 3 (for the smallest angle
6 which is shown) the plots for the stresses o, 0,, and o,, still strongly resemble the shape
which they would have for 8 -0, which is also the shape for Poisson’s ratio » =0 for all 6.
The Figs. 6-8 show the corresponding results for the antimetrical state of stress belonging to
the gravest eigenvalue A (~0.6076). The renormalization is such that at the z-axis (at z = 1)

\/(k22+-—k—’2—)= 1,0<k=1 ©2)

1-v
and the separate k,, k; values are given at the figures. For Poisson’s ratio v =0, the stress
intensity factor ky would be zero. No eigenfunction exists (for the present three-dimensional
configuration) where k, =0, ks/A/(1 — v) = 1. The denominator 1 - » in (9.2) is used because the

+Note in [2] we choose k, = /2.
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—-125

Fig. 6. Stresses of gravest antimetrical eigenfunction at r=1. »=03. o~7, 4 =-06076. At z=1
ky = 0.8583, ky = —0.4293. Parallel with polar angle 8§ = 32.4°,

0.2%

—0.25

—0.50

—0.75

-1.00

—1.25
Fig. 7. Idem, 8 = 57.6°.

0.50

0.25

~0.25

1 4

—0.50F

- 0.75

T

—1.00}

Fig. 8. 1dem, 8 = 90"

§S Vol. 16, No, 2-C



130 J. P. BENTHEM

Table 3. o, of the gravest symmetrical Table 4. o,, of the gravest symmetrical
eigenfunction at 8=9%°, v=0, A =-0.5. At eigenfunction at 6 = 90°, » = 0.3, A = -0.4519,
z-axisatr=1k =1 At z-axisatr=1,k =1
MxN = MxN= MxN=  Ref[l]
¢ 10 30 Exact ¢ 10x 30 12x36 A=-04523
36° 0.0962 0.0964 36 0.0560 0.0675
72° 0.5210 0.5195 60°  0.2812 0.2842
108° 0.8946 0.8919 7 04305 0.4364
144° 0.8429 0.8406 108  0.7338 0.7374
180° 0.7085 0.7071 1200 0.7294 0.7309
144 0.5876 0.5966

180°  0.4050 0.4107 04187

small change 8F in the total free energy F accompanying a small increase S of (one) crack
area S equals to ([8], —~ 8F8S is the energy-release rate)

8F = -—%— {(1 - V)(k,z + k22) + k32}55 (93)

The figures were made from values, which were computed with the aid of M X N =10x30
meshes. They are believed to have an accuracy of about 3% of the maximum value. Some
evidence is provided by the Tables 3 and 4. In [9], which gives some more particulars on the
present investigation, also more graphs (84) as they are produced by the computer are given for
v=0, 0.15, 0.3, 0.4 and 0.5, 6 =3.6, 14.4, 32.4, 57.6 and 90", for stresses as well as displace-
ments.

Note added in proof. It was explained in Section 7 that the roots A of the symmetrical eigenvalue problem (authors Refs.{1,2]
were confirmed by BaZant and Estenssoro in Ref. [5, 6] and there were only very small differences between the present roots A
of the antimetrical problem and those of Ref[6].

In the meantime, the report Ref. {6] has now been published in this journal 15(5), 405 (1979). This leads present author to the
following remarks.

1. In the above mentioned paper it is erroneously stated that the roots A of the antimetrical problem are doubie (page 415,
Sthline). Asinthe symmetrical ease they are single. This is just the reason that mode 11 and mode I11 (i.e. k; and k;) cannot occur
separately. .

2. BaZant and Estenssoro also make calculations for a crack still normal to the crack plane (y = 90°), but where the crack
front makes an angle 8 # 90° with the intersection crack planes-half plane surface. Also these results agree with calculations of
present author now under progress.

3. BaZant and Estenssoro use a certain “‘energy flux" argument by which the situation of a propagating crack should be such
that the spherical exponent becomes - 1/2. Present author will not dispute this argument and admits that this idea intuitively
looks attractive.

Itis, however, not true that (page 418, last lines) “at the terminal point a combined mode of propagation is impossible, i.e. the
crack aseumes such a shape that is surface terminal point propagates either with a symmetric opening (mode ) or with an
antisymmetric opening (modes II and III), but not combined™.

If the crack has not only an angle B3 90°, but also an angle y# 90° between crack plane and half plane surface, combined
modes I, II, 11I with (single) root A = ~1/2 are possible. Actually there is a function f(B, v) =0 for which A = -1/2.

Acknowledgement—The author gratefully acknowledges Th. Douma for his work in constructing the extensive computer
programme.
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